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Necessary conditions of normal pointsystems for Hermite—Fejér interpolation of
arbitrary (even) order are given. In particular, one of the main results in this paper
is: If a pointsystem consists of the zeros of orthogonal polynomials with respect to a
weight w on [—1,1] and is always normal for Hermite-Fejér interpolation of
arbitrary (even) order, then w(x) ~ (1—x%)""2%  ©2001 Academic Press

1. INTRODUCTION AND MAIN RESULTS

Let m, ne N and
Xil=x0, 2 X, > X0, > -+ > X, 2 X401, =—1. (1.1

In what follows we shall often omit the superfluous notations. The symbols
¢, ¢, ... will stand for positive constants, being independent of variables
and indices, unless otherwise indicated; their value may be different at
different occurrences, even in subsequent formulas. N, stands for the set
of even integers of N. Let w be a weight on [—1,1] and P,(x)=
P,(w, x)=yp,(w) x"+ ---(y,(w) > 0) the nth orthonormal polynomial with
respect to w on [—1,1] (Py=1). ,(x) =4,(w, x) =[242} P.(w, x)*] ! is
the Christoffel function. |I| means the Lebesgue measure of the set 1.
[|- || denotes the uniform norm on [—1, 1]. Denote by P, the set of poly-
nomials of degree at most N and by A, = Ay,,(X) the fundamental
polynomials for Hermite interpolation, i.e., 4y € P,,,_; satisfy

A;,f)(xq) =0,,014» p,j=0,1,...m—1, ¢ k=1,2,...n (1.2
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The Hermite—Fejér interpolation for f € C[—1, 1] is given by

Hon(f.6)= 3 f(5) Au().

To give an explicit formula for 4, set
@,(x)
@, () (x—x;)’

@,(x) = (x—=x)(x—x;) - (x = x,,),

b(x) =

1 )
by =5 [6:() ™%,
i=0,1,...m—1, k=1,2,...,n, (1.3)
m—j—1 )
Bjk = Z bi(x—x;)’,
i=0
j=0,1,...m—1, k=1,2,..,n 1.4

Then we have [7]

1 )
Ay(x) = 7l (x—x;) By(x) £ (%)™,
j=0,1,...m—1, k=1,2,...,n
We also introduce the notations

Q) =2w,(x),  6,(x)= %

A,(x) = 6,,(x)+%, v(x) = (1—x2)"12

A pointsystem X is said to be normal for Hermite-Fejér interpolation
H, (X), meN,,if

Aporn(x) =20, xe[-1,1], xe[-1,1], k=1,2,...,n, n=1,2,...,
(1.5)
This paper will give necessary conditions for a pointsystem to be normal
for H,,(X) for every m € N,. The first main result is
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THEOREM 1.1. If a pointsystem X satisfies

max ”AOknm(x)" < Cm>s Vme Nz,
1<k<n
with
lim sup (c,,)"/™ < + o0,
m — o0
then

(a) we have

1Cx—x) € (0)|| < ed,(x), k=1,2,..,m
(b) we have

1(x—x) € ()| ~ 4,(x), k=1,2,...m
(c) we have

sup [|1Q,|| < 4+ o0

and
|Q;(xk)|~An(xk)7ls k= 15 29-'-5 n;
(d) the relation (1.10) is true and

max |Q,(x)|=>c¢, k=1,2,...,n—1;

Xp+1 SXS Xk
(e) the relation (1.10) is true and the inequality
lim sup |2, (x)| > c, ae. xe[-1,1],
k— o

holds for every subsequence N* = {m, }7_,.

The second main result is

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

THEOREM 1.2. Let w be a weight on [—1,1] and X the zeros of the

orthonormal polynomial P,(w, x). If (1.6) and (1.7) are true then

(A) we have

"(x_xk) ek(x)” < Cdn(xk)’ k = 13 29 e 1

(1.14)
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(B) we have
1(x—x) € ()| ~ 6, (xx), k=1,2,..,m
(C) we have

sup ||P,(w)ll < +o0

and
|P:l(w’ xk)l ~ 5n(xk)_l9 k = 19 25 B (S
(D) the relation (1.16) is true and

max |P,(w,x)|=c, k=0,1,...,m
Xp+1 S X< Xk

(E) the relation (1.16) is true and the inequality

lim sup |P, (w, x)| = ¢, ae. xe[-1,1],
k— o0
holds, for every subsequence N*;
(F) we have
(G) we have
1
A, (w, x)~;, xe[-1,1].

The last main result is

47

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

THEOREM 1.3. If a pointsystem X is normal for H,,(X) for every me N,

then Statements (a)—(e) hold and the relation

(1.21)

holds for every m € N,. Furthermore, if X consists of the zeros of the ortho-
normal polynomial P,(w, x) and is normal, then Statements (A)—~(G) hold.
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2. AUXILIARY LEMMAS

First we state some known results needed below.

LemmA A [8, Lemma 3; 7, Theorem 2.1]. If m—jis odd and j<i<m
then

il
|A]k(x)| >%d;c_l IAik(x)L X € [_17 1]7 k= 1’ 27 ) (21)

where d;, = max{|x, —x;_|, |x — Xi1|}-

LemMa B [7, Lemma 5.1]. Let x;, =cos 0,,. If

Oorn—0m >,  k=1,2,..,n—1, 2.2)
n
and
&)
0k+1,n_0kn S;’ k= 09 19 - N, (23)
then
|j—k|l min{j+k, 2n+2—j—k}
xj_xk|~ 2 )
n
j#k, 1<j,k<n, (2.4)
and

min{k, n+1—k}
n? ’

di ~ 4,(x;) ~

k=1,2,...n 2.5)

Lemma C[7, Lemma 5.27. If (2.2) and (2.3) are true and
G(x)l<cd(x)™',  k=1,2,..,n, (2.6)
then
by| < ed,(x) 7, k=1,2,..,n, i=0,1,.... 2.7

Next, we give some auxiliary lemmas, which are of independent interest.
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Lemma 2.1.  If (1.8) is true, we have (2.2), (2.3),

”ek” < ¢, k = 19 29 - 1, (28)
and
n clnn, r=1,
Y, 16l <{ 2.9)
k=1 c, p>1.

Proof. We denote by ¢, the constant ¢ in (1.8) and may assume ¢, > 1.
Let k, 1<k<n, be fixed and let |{,(&)|= 4], £e[—1,1]. If |x,—¢
> cod,(x;,) then by (1.8) ||4|l=1£.(&)|<1. Let us consider the case
when |x, —¢&| < ¢yd,(x;). By Bernstein Inequality [€,(&)] < c4,(E) 7 4. (&)),
whence according to (1.8) we have

coc3 4, (x;)

1.(&) +(E—x3) L(O)| < €34,(8) " ol (x) = TN

(2.10)

‘We claim that

An(xk)

d:=m<c4=500. (211)

In fact, if |&| < |x;| then 4,(x;) < 4,(£) and hence d < 1. Now let us prove
(2.11) for || > |x,|- By the mean value theorem for the derivative

4,(a) =4, | _ 1
4,() nd, (&)
__ mla—d e A4(a)
n(1—n*)'"? 4,(&) ~n(1—n>)'"" 4,&)°

[(1=x)=(1=¢)"7

where |&| > || > |x,|. Using the symbol d in (2.11) the above inequality
becomes

Co

—lI< o mme 2.12)

We separate two cases.

Case 1. cy/n(1—3»)'*<1/2. In this case by (2.12) we have d—1
<d/2 and hence d < 2.
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Case 2. cy/n(1—5*)'?>1/2. In this case
(1-&) < (1=p)' 2 < ="

and hence

1—x;=1-E4E—x, <1-E+2|E—x]

4¢3 2¢,(1—=x2)12 62

We rewrite the above inequality as

2 6¢c;
[(1=x)" P =20 [(1=xD) ] =7 <0

and solve it to get (1—x2)"/2 < 4c,/n. Thus

4c 1 5S¢
4,(x) <5 +5<
n n n

Since 4,(&) = 1/n% by (2.11) we conclude d < 5¢,. This proves (2.11) and
hence (2.10) becomes

[£c(8) +(E—x,) LD < €5 = Scges. (2.13)

If |¢]<1 then £.(&)=0 and (2.13) yields |[6;]=[lc(&)]| <cs. If |E]=1
then, noticing that ¢, has only real zeros which are all in [—1,1],
L(O[(E—x,) £:(E)] = 0. The above inequality together with (2.13) also
gives |||l = |€,(&)| < ¢s. This, proves (2.8).
Inequality (2.2) and (2.3) directly follow from (2.8) by [1, Theorem 1].
To prove (2.9) let xe[—1, 1] be fixed and |x—x;| = min; ;_, |[x—x|.
Suppose without loss of generality that j < n/2. Then

min{k+j, 2n+2—k—j} > (k+j)/3. (2.14)
Clearly [|¢,]| < ¢ by (2.8). For k # j by (1.8), (2.4), (2.5), and (2.14)
cod, (xk) cAd (xk) c¢min{k, n+1—k}

16 (X)] <

| — x| Ix —xkl |k — |
Then
min{k, n+1—k} 17
> her<e 3 | {Ik o }} = TS, 48,485 +S,],
k#j k#j
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where

min{k, n+1—k}?
= 1=1,2,3,4
i Z |: |k2_J2| ]7 1 s Ly Dy Ty

keK;

and

K, :={k:k<lj}, Kyi=1{k:3j<k<ijk#j}
Ky:={k:}j<k<in}, K,:=lk:in<k<n}.

It is easy to see that

4
s<e ¥ A= 3 jreatrsa

ke K, J ke K,

j 4 CInja pzl,
S,<c Y, [ J ] =c )y |k—j|‘1’<{
c,

kek; ]lk_.ll keK; p> 1.
For k € K; we have k—j > k/3 and min{k, n+1—k} < k. Hence

{clnn, p=1,

S;<ce ) k+j7<
c, p>1.

keKs

Finally

1-k7»
S,<c ), [n+ 5 ] <cn'’<e.

keKy n
Thus (2.9) follows. |
LemmA 2.2. Let (2.2) and (2.3) prevail. If
12, (x)| = e (x) s k=1,2,..,n, (2.15)

then the inequality (1.13) with ¢ = c(c,, ¢,, cs) holds for every subsequence N*,
Proof. Letx=cosf,I=[0,n],

tiw =10 [0, —c/(4n), O, + 1/ (4n)], k=1,2,...nm
Inz U tkn;
k=1

hknz[ekn90k+1,n]\ln, k=0,1,....n.
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Claim 1. We have

|x—x;,| = c74,(x1,), i=kk+1, Oeh,, k=1,2,..,n-1,
|x_x1n| >c7An(x1n)5 06h0n5 |x_xnn| >c7An(xnn)’ Hehnn'
In fact, for 8eh,, 1<k<n by (2.5 |x—x;|=]|cos(8,+c,/(4n))—

cos 0| = ¢;4,(x;). Similarly, for 8eh,,, 0<k<n—1, we get |[x—x; | =
c7.4,(xy).

Claim 2. We have
|2, (cos 0)| = cg, fel\l, (2.16)
We need a result given by Erdds and Turan [2, Lemma IV]

LX)+ (x) =1, xe[xx], 0<k<n, {4=4(,,=0 (217

Thus
Q
0w em
Q(x ) (x—x;) 2, (x1)(X—Xey1)
xe[xe 1, x], 1<k<n—1 (2.18)
Then forf e hy,, 1 <k <n—1, by Claim 1 and (2.15)
Cy Cy
1< - 1€2,(x)] = —— |£2,(x)|
4, (x¢) 1c7An(xk) C6Cr

and hence |Q,(x)| = ¢, =csc;/cy. Similarly, for € h,, or Oeh,, it is
enough to use (2.17) with k = 0 or k = n, respectively. This proves (2.16).

Claim 3. Let I,=J;_, t;,, where each set ¢, is an interval and
twNty=0, k#j,k, j=1,2,...,n Then

LY M ES AR (2.19)

if N is large enough.
In fact, if |I,| =0 then (2.19) is trivial. Now assume that |I,| >0 and
choose N > 16¢,n/|I,|. We distinguish two cases.

Case 1. |t;,|<2¢;/N. In this case we use an obvious estimation
|t O Iy < |-



HERMITE-FEJER INTERPOLATION 53

Case 2. |t},| =2c,;/N. In this case by (2.2) the interval ¢}, contains at

most
sl N |t
tol [ = 1= —= |+1
() o=

points 8, ’s. Since |¢t;,| = 2¢; /N, we have

N |t} ¢ N |thl (41
t, NI < 1 < 1 —
i 0 Il {[ o ]+ }2N o SN

[tel e 3.,
il G4 20,
> tan Szl

Thus, recalling N > 16¢,n/|I’)|,

n

= z |t;cnmIN|

|1, N Iy| =

U (t;cn mIN)
k=1

3
< Y Wl +7 Yo Nthl
hh

[thnl < 2¢1/N >2¢1 /N

2c1n 3

7
I|<-|I I =L
NI|||+I|I|

\

This proves Claim 3.
Claim 4. For every fixed integer i the set I7 = (\7_, I, satisfies

77| =0. (2.20)

In fact, choosing I, =1y, with N,:=n; and applying Claim 3 we
conclude that there is a number N =N, € N*, N, > N,, so that [Ty NIy |
<glwl- I |Nizo Iy | < G) Uy,| is true for some j>1 then applying
Claim 3 to the set (\;_, Iy, we can choose a number N =N,,, € N¥
N;,1 > N, so large that

j+1 j
7 7yj+1
ﬂ INk <§ ﬂ INk S (ﬁ)j |IN0|‘
k=0 k=0
By induction there is a sequence of integers n, = Ny <N, <N, < ---, N;,

N,, ... € N* such that

Iy | < Q) Uy,

k=0
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holds for every j. Thus

¥ = < lim

j—o oo

N

Iy|<lim G Zy,| = 0.
j—o©

©
ARANS
k=i

ﬂ INk
k=0

This proves Claim 4.
For the proof of (1.13) we consider the set

={0e[0,n]: liril_)s;lp |2, (cos 0)| < cs}, (2.21)

where ¢, is defined in (2.16). Clearly, it suffices to show
|I* = 0. (2.22)

Claim 5. We have
I*c U I, (2.23)

In fact, § € I'* means lim sup _,, |2, (cos 0)| < ¢z, which implies that there

is an integer i = i(f) € N* such that |2, (cos §)| < ¢ holds for every k > i.

By (2.16), 0 € I,, holds for every k >i. That is, € I;. This proves (2.23).
Now (2.22) follows directly from (2.20) and (2.23). ||

LemmA 2.3. We have
(@) = (b) = (c) = (d) = (e).
Proof. As we know,
12,11 = 12T, = 2, (2.24)

where 7, stands for the nth Chebyshev polynomial of the first kind, and by
[2, Lemma I]

—

; <2, (xk)l
(a) = (b). By Bernstein Inequality |Q)(x,)| <cd,(x) ' 2,l,
equivalently,

(2.25)

€2,

2] > ¢ A0

I1Ge—xi0) £ (]| =
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(b) = (c). By Statement (b),

S| L) || e
ol Zl 2, ( il PAEres) H =] 2 I xk)ﬁk(X)l‘
sc¢ z An(xk) <gc, (226)

k=1

which coupled with (2.25) yields (1.10). By (1.9), (1.10), and (2.24) the
relation (1.11) follows.

(¢) = (d). Imserting & = (x; +x;.,)/2 into (2.18), we obtain

LU R
F =) L2 G0l 12,Ge 1 |~

and hence by (1.11) and (2.5)

max [Q,(x)] > [2,()] =5 (% —Xii1) e, (x) 7 =

x € [Xp41, Xk

(d) = (a). By the same argument as that of Lemma 2 in [3].
(a) = (e). Apply Lemmas 2.1 and 2.2 and use Implication (a) = (c).

1
LemMma 2.4. If (1.14) is true, we have (2.8), (2.9),
0,(x) ~ 4,(x), k=1,2,..,n, 2.27)
and
0k+1,n—0k,,~%, k=0,1,..,n (2.28)
Proof. Clearly
0,(x) < 4,(xp), k=1,2,..,n. (2.29)

Hence (1.14) implies (1.8). Then according to Lemma 2.1 the inequalities
(2.2), (2.3), (2.8), and (2.9) hold. Applying Lemma 2.3 the relation (1.9) is
true. By (1.14) and (1.9)

162,

%) > 1o e

=cd,(x;),
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which coupled with (2.29) gives (2.27). To prove (2.28) it is enough
to establish the inequalities 6,,—6,, >c/n and 6,,,,—0,, >c/n. By
(2.27) with k=1 we have 6,(x,) > c4,(x,) = c¢/n? and hence (1—x?)"/2>
¢/n, which implies 6,, —6,, = 6,, = sin 8,, = ¢/n. Similarly we can prove
0n+l,n_0nn >c/n' I

LemMMA 2.5. Let w be a weight on [—1, 1] and X the zeros of the ortho-
normal polynomial P,(w, x). If (1.16) is true then

w = cv, a.e. (2.30)
and
Pn(w) ~ 27 (2.31)

Proof. By (1.16), A,(x)'=X"Z% P.(x)?’<cn and hence A,(x)>c/n,
which by [5, Theorem 6.2.33, p. 93] gives (2.30). This shows that w belongs
to the so-called Szegé class, which implies (2.31) (cf. [5, p. 397). |

LEMMA 2.6. Let w be a weight on [—1, 1] and X the zeros of the ortho-
normal polynomial P,(w, x). Then

(A) < (B) < (C) < (D) = (E) = (F) < (G).
Proof. (A)=(B) By Lemma 2.4 we have (2.27) and (1.8), which gives

Statement (B) by Implication (a) = (b).

(B) = (C). We need a result given by the author in [6, (14) and
(15)]: for an arbitrary weight w

|2, (w, x)| SCkZI |Ce— ) £ (x)], (2:32)

which coupled with (1.15) yields (1.16). Besides the relation (1.17) follows
from (1.15), (1.16), (2.2 4), and (2.31).

(C) = (D). The inequality (1.18) may be deduced from (2.17) by the
same argument as that of Implication (c) = (d).

(D) = (A). Apply Lemma 2 in [3] and use (2.31).
(A) = (E). The inequality (1.19) follows from (1.13) and (2.31).

(E) = (F). By Lemma 2.5 we get (2.30). On the other hand, by [4,
(10.3)]

lim J_ll |[P,,(x)2—2xP,,(x) P, (x)+P,_(x)*]w(x) —% (1—x»)"?|dx =0.

n— o
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According to the result that strong convergence in L, implies a.e. conver-
gence for a subsequence we get

[P, (x)*—2xP, (x) P,,_1(x)+ P, _1(x)*] w(x)

2
>Z(1=x)"2, ae., k- oo.
T

We rewrite the above relation as
{[Py_1(x)—xP, (x)1*+ (1 —x?) P, (x)*} w(x)

2
>-(1=xH)H"2 ae, koo
n
Hence
: 2 2 2 2\1/2
lim sup (1-x°) P, (x) w(x)<;(l—x )%, a.e.
k— o0

Using (1.19) we get w < cv.

(F) = (G). Use A,(v,x)~1/n and an equivalent definition of
A, (W, x):

A(w, X) = min j_ll [&TW@ dt

QeP,_; O(x)
. (1) 1
~ min. L {Q( )] o(0) di = dy (0, %) ~ .

(G) = (F). By|[5, Theorem 6.2.33, p. 93] we have

(1 —=x%)"2 w(x) = lim sup ni,(w, x) >c
and hence we can apply [5, Theorem 6.2.34, p. 93] to get

n(1—=x*)"2 w(x) = lim ni,(w,x)~1. |

LemMma 2.7. Letme N,. If (1.8) is true and m— j is odd then

clnn

kﬁ: |A]k(X)|H . (2.33)
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Proof. By Lemma 2.1 we obtain (2.2), (2.3), and (2.8), the last relation
of which gives (2.6). Then we can apply Lemma C to get (2.7). Thus by
(1.8), (2.7), and (2.8)

m—j—1

(< Y 1bu(x—x)"™ £ (x)"]

i=0

=c _Z; bekl |(x—xk) ﬁk(x)|i+f |ek(_x)|m_i—i

m—j—1

<c Y 4,007 4,060 6 ()"

i=0

m—j—1

<ced, () Y e

i=0
< ed, (x) |6 ().
Thus according to (2.9)

clnn
<

¢
_J

Z |Ajk| <c Z €|
k=1 P

LemMma 2.8. If a pointsystem X satisfies (1.6) and (1.7) then (1.8) holds.
Proof. Using the relation (2.38) of [7]

X 4,0l

-

(=5 A< T (=) (), xR

by (1.6) we obtain

2 G —x) Ap(x) <4 ), 4w ()| < 4nc,,.
k=1

k=1

By means of (2.1) withi=m—1and j=1foreach k, ] <k <n,

— m—2
dnc,, > |(x—2x,) Ay ()| > (x—x,)° <x d Xk> £ (x)"
k
and hence
[(x—x) €. (x)| < (4nc,,) /™ dm=2/m.
Thus

|(x—x;) £.(x)| <lim sup [ (4nc,,) "™ d{"~2/"] < cd,. (2.34)
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On the other hand, (1.6) with m =2 [1, Sect. 4] implies (2.2) and (2.3),
which yields (2.5). Hence (2.34) means (1.8). ||

LemMma 29. If

< (2.35)

n
Z |A0knm|
k=1

holds for every m € N, and (1.7) is true then (1.21) holds for every m e N,.

Proof. Clearly, (2.35) implies (1.6). Then applying Lemma 2.8 we get
(1.8). According to Lemma 2.7 we have the estimation (2.33), which
coupled with (2.35) by [7, Theorem 4.3] proves our conclusion. ||

3. PROOFS OF THEOREMS

3.1. Proof of Theorem 1.1. Apply Lemmas 2.8 and 2.3. ||

3.2. Proof of Theorem 1.2. According to Theorem 1.1 the inequalities
(1.8) and (1.13) are true. By means of (2.32) we obtain (1.16) and hence
by Lemma 2.5 get (2.31). Thus (1.19) follows from (1.13) and (2.31).
Therefore Statement (E) is true and by Lemma 2.6 Statement (F) is
valid. Further, in virtue of [5, Lemma 6.3.6, p. 108] (2.28) is true and
hence (2.27) occurs. This shows Statement (A). It remains to apply
Lemma 2.6. ||

3.3. Proof of Theorem 1.3. Since > ;_, Ay(x) =1, the relation (1.5)
implies ¢, =1 in (2.35). Then apply Theorems 1.1 and 1.2 and
Lemma2.9. |
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